We obtain some new formulae to compute the first derivative of confluent and biconfluent Heun functions under the minimal assumption of fixing only one parameter. These results together with the Lagrangian formulation of a general homogeneous linear ordinary differential equation allow to construct several new indefinite integrals for the confluent, biconfluent, doubly confluent, and triconfluent Heun functions.
Introduction
It is well-known that the ordinary second-order linear differential equation If, instead, we look for an integral involving y(x) only, it is desirable to choose h so that
.
(1.6)
Moreover, we may also wish to specify h as a solution to (1.1) with one or two terms in (1.1) deleted. Typical choices are
In the case that p and q consists of multiple terms we might also try to specify h with p or q with some of their subterms removed. Another possibility of getting interesting integrals from (1.2) emerges from choosing h to be a particular solution of the equation conjugate to (1.1), that is h (x) + p(x)h (x) + q(x)h(x) = 0. This equation has the same p as in (1.1) but a different q. If we recall that a transformation of the dependent variable can always be set up to to make any two differential equations conjugate, it is clear that this method may lead to the construction of indefinite integrals containing products of the solutions of the two conjugate equations. More precisely, we have [1, 2] f
(1.10)
In a companion paper [3] , we constructed new indefinite integral involving Heun functions. Here, we focus on the derivation of indefinite integrals containing confluent, biconfluent, doubly confluent, and triconfluent Heun functions [4] . All the aforementioned functions are solutions of the differential equation (1.1) with p and q specified as in Table 1 . All findings presented in the subsequent sections have been checked by means of Maple. This is extremely important, as it means our results are immediately applicable, and need not await further analysis giving formulas for the derivatives of the doubly confluent and triconfluent Heun functions. Last but not least, we believe the present work represents a substantial first attack on the problem of integrating the confluent Heun functions considered in this paper. 
Doubly confluent Heun
Note: All parameters otherwise stated are complex. in the case of the Heun operator = α + β + 1 − δ − γ and a ∈ R\{0, 1} [4,5].
Examples for some special functions
Since the function h appearing in (1.2) is not fixed, we have in practice an unlimited number of cases for any given special function. In the following we treat only those choices of h such that Equation (1.2) allows us to derive new and interesting indefinite integrals. Last but not least, we checked that the software package Maple is unable to evaluate the indefinite integrals we computed in this paper.
The case of the confluent Heun function
As in [5] we restrict the local solutions to the analytic ones around the origin, here denoted by H c (α, β, γ , δ, η; x) but extensions are possible for other solutions around other singularities. The local solution is defined so that [5] 
Some relations for the derivatives of confluent Heun functions have been derived in [6] . However, such formulae apply only to the canonical form of the confluent Heun equation. Since Maple does not use this form, the validity of the aforementioned results cannot be checked using Maple and therefore, we need to derive corresponding formulae for when the confluent Heun equation is given as in Table 1 . It should also be mentioned that an additional formula for the derivatives of arbitrary order of a confluent Heun function has been obtained in [7] under the condition that such a function reduces to a polynomial. This result will not be applied in the present work since we are mainly interested in deriving indefinite integrals for confluent Heun functions that are not necessarily represented by polynomials. The main idea in [6] is to differentiate once the confluent Heun equation and then, to subtract from it the confluent Heun equation multiplied by q /q. This leads to the following third-order differential equation
and
2) represents a second-order ODE for the first derivative of the Heun confluent function and it exhibits an additional singularity at the point
If the singularity at x 0 coincides with one of the singularities at 0, 1, ∞ the number of singularities will not change and in this case 0 and 1 remain regular singular points of (2.2) and the point at infinity continues to have the same rank. This will happen in the following three distinct cases
In each of the three cases above, equation (2.2) represents a confluent Heun equation for the first derivative of a confluent Heun function with modified parameters as compared to the confluent Heun equation given in Table 1 . Let us consider the first case above. It is straightforward to check with Maple that u(x) = H c (α, β, γ , −(β + γ + 2)α/2, η; x) is a particular solution of (2.2) and
a particular solution of
which is the counterpart of (2.2) when (β + γ + 2)α + 2δ = 0. Furthermore, it can also be verified with Maple that u (x) is a particular solution of (2.8). This implies that u (x) = cw(x) with c a proportionality constant that can be determined by means of the initial conditions (2.1). Taking into account that w(0) = 1 we find
Concerning the second case we choose
(2.11) If we introduce the transformation u (x) = x s w(x) and choose the parameter s so that the numerator going with the term x −2 and appearing in the multiplicative coefficient of w vanishes, then s = −1 or s = −1 − β and w satisfies the confluent Heun equation
Recalling that in the present case (2.1) gives u (0) = 0 and proceeding as in the first case above yields
Note that in the case s = −1 − β formula (2.13) requires that (β) < −1 in order not to violate the initial condition u (0) = 0. A formula similar to (2.13) can be obtained when
Note that the first derivative of the confluent Heun function appearing in the term q(x) in (2.14) can be computed once the parameters of the Heun function have been chosen as in (2.9) or (2.13). Furthermore, by means of (1.5) we obtain immediately the following result
The derivative of the confluent Heun equation appearing in (2.25) can be computed according to (2.9) or (2.13), if parameters are fixed accordingly. For instance, in the case corresponding to (2.9) we find
x) alone can be constructed by making the choice h(x) = 1/η and α = β = γ = δ = 0. In this case, H c (0, 0, 0, 0, η; x) reduces to an hypergeometric function and the corresponding integral can be evaluated by Mathematica. Another possible choice is h(x) = 1/δ while the parameters are taken to be α = γ = 0, β = −1, and η = 1/2. Then, we obtain the integral
In this case the parameters satisfy the condition leading to formula (2.13) with s = −1.
Hence, we are able to compute the derivative appearing in (2.26), and we get
Moreover, we can also take h to be a solution of the ODE (1.7). In this case, an explicit analytic expression for the solution can be found only for certain choices of the parameters. For instance, for α = 0 we find h( 
Note that the derivative of the confluent Heun function in (2.30) can be computed by means of (2.9) with α = δ = 0. We continue the analysis of the case of the confluent Heun function by observing that h can also be taken to be a solution of the ODE (1.8). In this case we find that
Then, the integral giving the function h can be explicitly computed by means of 2.103.5 in [9] yielding
(2.36) Since there is a singularity at x 0 = (α − β − γ − 2)/2α in the case = 0, we need to introduce some additional constraints on the parameters ensuring that x 0 lies outside the interval where the local solution of the confluent Heun equation is defined. Finally, (1.2) leads to the following indefinite integral
The derivative of the confluent Heun equation appearing in (2.37) can be computed according to (2.9) or (2.13), if the parameters are fixed accordingly. Further indefinite integrals can be obtained by choosing the function h to be a particular solution to (1.9 ). An interesting case emerges when we choose the parameter η so that it takes the value
Then, we can express h in terms of Bessel functions of the first and second kind as follows
Moreover, it can be checked that
where we used 9.1.27 in [8] . Then, by means of (1.2) we obtain
The derivative of the confluent Heun function in (2.42) can be evaluated with the help of (2.9) or (2.13) after the parameters are chosen accordingly. Furthermore, let us consider the particular solution y(x) = H c (α, β, γ , δ, η; x) to the confluent Heun equation and a conjugate ODE to the same equation with q(x) given by q(x) as in Table 1 but with the parameter η replaced by −η. For the conjugate ODE we pick the particular solution h(x) = H c (α, β, γ , δ, −η; x). Then, (1.10) yields the following indefinite integral involving products of Heun functions
provided that η = 0. The derivatives of the Heun functions in (2.44) can be computed according to (2.9) or (2.13) for an appropriate choice of the parameters.
The case of the biconfluent Heun function
As in [3] we restrict the local solutions to the analytic ones around the origin, here denoted by H b (α, β, γ , δ; x) . Furthermore, the local solution is defined so that [10]
In the following, we will make use of some useful relations for the derivative of confluent Heun functions derived in [10] and summarized here below
where 1 F 1 (·) denotes the confluent hypergeometric function. Using the same method presented at the beginning of Section 2.1 together with (2.45) it is possible to derive a new formula for the derivative of the biconfluent Heun function, namely
Moreover, in the present case (1.
3) gives f (x) = x α+1 e −x 2 −βx . If we choose h according to (1.4) , we find by means of (1.2)
Note that for an appropriate choice of the parameters of the biconfluent Heun function the derivative in (2.49) can be computed by means of (2.47), or (2.48). Furthermore, by means of (1.5) we obtain immediately the following result
(2.58) with A 1 = 2(γ − α − 2) and A 2 = δ + β(α + 1). If γ = α + 2, the derivative of the biconfluent Heun function in (2.58) can be computed with the help of (2.48), and in this case we find
(2.59) provided that α = 1. Moreover, we can also take h to be a solution of the ODE (1.7) . In the most general case, a particular solution can be formally written as
(2.60) However, the above integral can be explicitly solved only for some special choices of the parameters. For instance, if α = −1, 2.325(13) in [9] gives
where erfi(·) is the imaginary error function defined as erfi(z) = −ierf(iz) with erf denoting the error function. Using 7.1.1 in [8] and (1.2) yield (−1, β, γ , δ; x) + c. (2.62) Note that in the case α = −1 only (2.47) can be used to evaluate the derivative of the biconfluent Heun function. We continue the analysis of the case of the biconfluent Heun function by observing that h can also be taken to be a solution of the ODE (1.8). If = −2(α + 1) − (β 2 /4), the integral giving the function h can be explicitly computed by means of 2.103.5 in [9] yielding
At this point a couple of remarks are in order. First of all, observe that the condition > 0 requires that α < −1. Moreover, if = 0, we have α = −1 − (β 2 /8), and the corresponding solution has a singularity at x 0 = −β/4. In this case, we need to require that that x 0 lies outside the interval where the local solution of the biconfluent Heun equation is defined. This observation leads to the constraint β ∈ R\[−4, 0]. Finally, (1.2) leads to the following indefinite integral
and coefficients Table 1 with γ and δ replaced by −γ and −δ, respectively. Then, (1.10) yields the following indefinite integral involving products of Heun functions
66)
A 1 = 4 [αβ(α − γ + 5) + αδ + (β + δ)(4 − γ )] ,(2.x α (2γ x − δ) e −x 2 −βx H b (α, β, γ , δ; x)H b (α, β, −γ , −δ; x) dx = x α+1 e −x 2 −βx · H b (α, β, γ , δ; x)H b (α, β, −γ , −δ; x) − H b (α, β, γ , δ; x)H b (α, β, −γ , −δ; x) + c. (2.69)
The case of the doubly confluent Heun function
Let H d (α, β, γ , δ; x) denote the restriction of the local solutions to the analytic ones around the origin satisfying the initial conditions H d (α, β, γ , δ; 0) = 1 and H d (α, β, γ , δ; 0) = 0 [5] . Moreover, in the present case (1.
3) gives f (x) = (x 2 − 1) e αx/(x 2 −1) . To the best of our knowledge, no formulae for the first derivative of the doubly confluent Heun function seem to be available in the literature. If we choose h according to (1.4) , we get by means of (1.2) Furthermore, by means of (1.5) we obtain immediately the following result
Moreover, if we choose the function h to be a solution of (1.7) with α = 0, namely
We can also derive a new indefinite integral by choosing the function h to be a particular solution to (1.8) . In the special case α = 0 we have
85)
and (1.2) gives
Finally, we consider the particular solution y(x) = H d (α, β, γ , δ; x) to the doubly confluent Heun equation and an ODE conjugate to the same equation with q(x) given for example by the corresponding q(x) in Table 1 with γ replaced by −γ . Then, (1.10) yields the following indefinite integral for γ = 0
88)
where W denotes the Wronskian.
The case of the triconfluent Heun function
We restrict the local solutions to the analytic one around the origin, here denoted by H t (α, β, γ ; x) , and satisfying the initial conditions H t (α, β, γ ; 0) = 1 and H t (α, β, γ ; 0) = 0 [5] . In the present case, (1.
3) gives f (x) = e −x 3 −γ x . If we choose h according to (1.4), we find by means of (1.2)
We can also take h to be a solution of (1.7) with γ = 0. In this case, we find that a particular solution can be expressed in terms of the upper incomplete Gamma function as follows
where we used 2.325(6) in [9] . At this point (1.2) yields
where the derivative of the upper incomplete Gamma function has been computed with 6.5.25 in [8] . Furthermore, it is also possible to take h to be a solution of (1.8). In this case, 2.103.5 in [9] gives
if γ < 0, 
Comments and conclusions
We applied the so-called Lagrangian method to obtain indefinite integrals of functions belonging to the family of Heun confluent functions. This approach allowed us to derive several novel indefinite integrals for the confluent, biconfluent, doubly confluent, and triconfluent Heun functions for which sample results have been provided. Our findings only scratch the surface of the wealth of new integral formulae one may obtain by using the aforementioned method. Some of the results presented still involve derivatives of the confluent Heun functions. This is mainly due to the fact that the available formulae for derivatives of confluent Heun functions in the literature are scarce and moreover, they hold for very special choices of the parameters entering in the corresponding ODE. Some preliminary results allowing us to compute the first derivative of confluent and biconfluent Heun functions have been obtained under the minimal assumption of fixing only one parameter. More general results in this direction will be presented separately.
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